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Abstract: Let G = (V,E) be a (p, q) simple connected graph. K. Palani[7] in-
troduced the concept of geo energy of graph as the sum of absolute values of the
spectrum of its Geo matrix. The scope of this study is to inspect numerous bounds
on geo energy through graph theory and utilization.
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1. Introduction and Preliminaries
The idea of graph energy was debuted by Gutman [3] in 1978 as the sum of

absolute values of spectrum of its adjacency matrix. The concept of geodetic was
proposed by Harary F [5] in 1993. Let u, v ∈ V (G). Then d(u, v) is the shortest
path of u − v and is known as geodesic path. A set S ⊆ V (G) is a geodetic set
if I[S] = V (G), where I[S] is the union of closed intervals I[u, v] consisting of all
vertices lying in a u − v geodesic of G, i.e, I[S] =

⋃
u,v∈S I[u, v]. The geodetic

number of G is the minimum cardinality among all the geo sets and is denoted
by ′g′. K.Palani et. al., [7] introduced the concept of geo energy of graphs and
is defines as the sum of absolute values of the spectrum of its Geo matrix. This
paper investigate the characteristic of Geo spectrum and Geo energy and derive
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more bounds on geo energy.

Definition 1.1. Let G = (V,E) be a (p, q) simple graph. Let S ⊆ V (G) be the
minimum geodetic set of G and |S| = g. Then the geo matrix of G corresponding
to S is a square matrix GS of order p and is defined as,

GS =


1 for vi ∼ vj i ̸= j

1 for i = j and vi ∈ S

0 otherwise

where the symbol ′ ∼′ denotes the adjacency of the vertices of G. The geo spectrum
of the graph G is the eigenvalues of the geo matrix GS. Let λ1, λ2, . . . λp be the
spectrum of GS. Then the geo energy GE of G corresponding to S is defined as,
GES(G) =

∑p
i=1 |λi|

Theorem 1.2. [6] Let ai and bi, 1 ≤ i ≤ p are non-negative real numbers, then

p∑
i=1

(ai)
2

p∑
i=1

(bi)
2 − (

p∑
i=1

aibi)
2 ≤ p2

4
(M1M2 −m1m2)

2

where M1 = max1≤i≤p(ai),M2 = max1≤i≤p(bi);m1 = min1≤i≤p(ai) and m2 =
min1≤i≤p(bi).

Theorem 1.3. [8] Suppose ai and bi, 1 ≤ i ≤ p are positive real values, then

p∑
i=1

(ai)
2

p∑
i=1

(bi)
2 ≤ 1

4
(

√
M1M2

m1m2

+

√
m1m2

M1M2

)2(

p∑
i=1

aibi)
2

where Mi and mi are similar to previous theorem.

Lemma 1.4. [9] Let a1, a2, ..., ap be non negative numbers. Then

p[
1

p

p∑
i=1

ai − (

p∏
i=1

ai)
1
p ] ≤ p

p∑
i=1

ai − (

p∑
i=1

√
ai)

2

≤ p(p− 1)[
1

p

p∑
i=1

ai − ((

p∏
i=1

ai)
1
p ]

Theorem 1.5. [2] Let ai and bi, 1 ≤ i ≤ p are positive real numbers, then

p∑
i=1

(bi)
2 + rR

p∑
i=1

(ai)
2 ≤ (r +R)(

p∑
i=1

aibi)
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Where r and R are real constants, ∀i, 1 ≤ i ≤ p holds rai ≤ bi ≤ Rai.

2. Bounds on Geo Energy

Theorem 2.1. Let G = (V,E) be any simple (p, q) graph. If λ1, λ2, . . . λp are the
geo spectrum of the matrix GS(G), then the following condition holds:
(a)

∑p
i=1 λi = g.

(b)
∑p

i=1(λi)
2 = 2q + g.

Proof. (a) We know that, sum of eigenvalues of GS(G) is same as the trace of
GS(G). ie,

∑p
i=1 λi =

∑p
i=1 gii = |S| = g.Therefore,

∑p
i=1 λi = g

(b) Since the sum of squares of the eigenvalues of GS(G) is the trace of (GS(G))2,

p∑
i=1

(λi)
2 =

p∑
j=1

p∑
i=1

(gijgji)

=

p∑
i=1

(gii)
2 +

∑
i ̸=j

(gijgji)

=

p∑
i=1

(gii)
2 + 2

∑
i<j

(gij)
2 = 2q + g

Theorem 2.2. Let G = (V,E) be any simple (p, q) graph. If GE(G) is a rational

number then GE(G) =

{
0 (mod 2) if g is even

1 (mod 2) if g is odd
.

Proof. Let λ1, λ2, . . . λp be the geo spectrum of the geo matrix GS(G). Let
λ1, λ2, ...λt are positive and the rest are of negative sign, then

p∑
i=1

|λi| = (λ1 + λ2 + ...+ λt)− (λt+1 + λt+2...+ λp)

p∑
i=1

|λi| = 2(λ1 + λ2 + ...+ λt)− (λ1 + λ2 + ...+ λp)

=⇒ GE(G) = 2(λ1 + λ2 + ...+ λt)−
p∑

i=1

λi

=⇒ GE(G) = 2(λ1 + λ2 + ...+ λt)− g, since

p∑
i=1

λi = g

Hence, GE(G) =

{
0 (mod 2) if g is even

1 (mod 2) if g is odd
.
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Theorem 2.3. Let G be a (p, q) graph. Then

GE(G) ≥
√
p(2q + g)− p2

4
(λ1 − λp)2

where λ1 and λp are the maximum and minimum absolute values of geo spectrum
of G.
Proof. Let λ1, λ2, ..., λp are the geo spectrum of G. Let ai = 1 and bi = |λi| in
theorem 1.2, we get,

p∑
i=1

12
p∑

i=1

|λi|2 − (

p∑
i=1

|λi|)2 ≤
p2

4
(λ1 − λp)

2

By theorem 2.1,

p(2q + g)− (GE(G))2 ≤ p2

4
(λ1 − λp)

2

GE(G) ≥
√

p(2q + g)− p2

4
(λ1 − λp)2

Theorem 2.4. For any (p, q) connected graph G,√
2q + g ≤ GE(G) ≤

√
p(2q + g)

Proof. Consider Cauchy Schwarz inequality,

(

p∑
i=1

(aibi))
2 ≤ (

p∑
i=1

(ai)
2)(

p∑
i=1

(bi)
2)

Put ai = 1 and bi = |λi| then,

(

p∑
i=1

(|λi|))2 ≤ (

p∑
i=1

1)(

p∑
i=1

(λi)
2)

=⇒ [GE(G)]2 ≤ p

p∑
i=1

(λi)
2 = p(2q + g)

=⇒ GE(G) ≤
√
p(2q + g) (1)

Consider (GE(G))2 = (
∑p

i=1 |λi|)2

≥
p∑

i=1

|λi|2 = 2q + g

=⇒ GE(G) ≥
√
2q + g (2)
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From (1) and (2), √
2q + g ≤ GE(G) ≤

√
p(2q + g).

Theorem 2.5. Let G be a (p, q) simple graph. Let ′∆′ be the absolute value of
determinant of the geo matrix GS of G. Then,√

(2q + g) + p(p− 1)∆
2
p ≤ GE(G) ≤

√
(2q + g)(p− 1) + ∆

2
p

Proof. Let X = p[1
p

∑p
i=1 λ

2
i − (

∏p
i=1 λ

2
i )

1
p ]

= p[
1

p
(2q + g)− (

p∏
i=1

|λi|)
2
p ] = (2q + g)− p∆

2
p

By lemma 1.4, if ai = λ2
i , i = 1, 2, . . . , p; then,

X ≤ p

p∑
i=1

λ2
i − (

p∑
i=1

|λi|)2 ≤ (p− 1)X

=⇒ X ≤ p(2q + g)− (GE(G))2 ≤ (p− 1)X

Simplifying this we get,√
(2q + g) + p(p− 1)∆

2
p ≤ GE(G) ≤

√
(2q + g)(p− 1) + ∆

2
p .

Theorem 2.6. Suppose the geo spectrum of G = (p, q) consists of non-zero el-

ements, then GE(G) ≥ 2
√

λ1λp

√
p(2q+g)

λ1+λp
, where λ1 and λp are the minimum and

maximum values of |λi|′s.
Proof. Let λ1, λ2, . . . λp are the geo spectrum of G. Put ai = |λi|, bi = 1 in theorem
1.3, we get

p∑
i=1

|λi|2
p∑

i=1

12 ≤ 1

4
(

√
λp

λ1

+

√
λ1

λp

)2(

p∑
i=1

|λi|)2

p(2q + g) ≤ 1

4
(
(λ1 + λp)

2

λ1λp

)(GE(G))2

GE(G) ≥
2
√
λ1λp

√
p(2q + g)

λ1 + λp

Theorem 2.7. Let λ1,≥ λ2 ≥ ... ≥ λp be the non-increasing sequence of geo

spectrum of the graph G = (p, q). Then GE(G) ≥ p|λ1||λp|+(2q+g)

|λ1|+|λp| , where λ1 and λp
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are the minimum and maximum values of |λi|′s.
Proof. Let λ1, λ2, ...λp are the geo spectrum of G. Put ai = 1, bi = |λi|, r = |λp|
and R = |λ1| in theorem 1.5, we get

p∑
i=1

|λi|2 + |λ1||λp|
p∑

i=1

1 ≤ (|λ1|+ |λp|)
p∑

i=1

|λi|

Now substitute the values of
∑p

i=1 |λi|2 and
∑p

i=1 |λi| from theorem 2.1, we get

GE(G) ≥ p|λ1||λp|+ (2q + g)

|λ1|+ |λp|

3. Conclusion
This paper investigates the bounds on geo energy of any simple connected graph.

For such graphs all the above inequalities holds.
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